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Abstract
We deal with a dynamical mechanism in which a large cosmological constant, as
suggested by inflationary scenarios, decays due to expansion of the universe. This mech-
anism has its origin in the gravitational coupling of the vacuum density. We assume that
the vacuum couples anomalously to gravity that is the metric tensor that appears the
gravitational part is not the same as that appears the matter part as suggested by weak
equivalence principle. Instead, the two metric tensors are taken to be conformally re-
lated. We show that this provides a dynamical mechanism which works during expansion
of the universe. We also consider some observational consequences of such a gravitational
model.
Keywords: Gravity, Modified Gravity, The Cosmological Constant.
1 Introduction
There is a large discrepancy between observations and theoretical estimates on the vacuum
energy density. This problem is known as the first cosmological constant problem (or the fine
tuning problem) [1] [2]. The second one known as the coincidence problem [3] deals with the
question that why the vacuum energy is the same order of magnitude of the matter density.
There have been many attempts trying to resolve the fine tuning problem [2]. Most of them are
based on the belief that the cosmological constant may not have such an extremely small value
at all times. In fact, it has a large value at early times as suggested by inflationary models
and there should exist a dynamical mechanism working during evolution of the universe which
provides a cancelation of the vacuum energy density at late times [4].
In this work, we will consider the possibility that this cancelation mechanism is related to
gravitational coupling of matter in a gravitational system. The matter part of a gravitational
system is usually taken to be coupled with the metric which describes the gravitational part.
This is a normal coupling which has its origin in the weak equivalence principle. Firstly,
it should be pointed out that even though, observational evidences are fully consistent with
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weak equivalence principle, the experiments that support the principle are recent and it is
quite possible that the principle is violated during evolution of the universe. Secondly, the
weak equivalence principle is a statement about the gravitational coupling of normal matter
and there is no experimental constrains on gravitational coupling of the other forms of energy
densities such as vacuum.
We will assume that the vacuum energy density does not couple normally to gravity but rather
they couple abnormally or anomalously, that is the metrics that appear in the matter and the
gravitational parts are different but conformally related [4]. As illustrations, we will consider
such an anomalous gravitational coupling in f(R) gravity [8] [9] and Brans-Dicke (BD) theory
[10] and discuss the conditions that lead to alleviation of the cosmological constant problem.
2 Field Equations
We consider the action functional
S =
∫
d4x
√−g {M
2
p
2
R− 1
2
gµν∇µϕ ∇νϕ− V (ϕ)}+ Sm(A2(ϕ)gµν , ψ) (1)
where M−2p ≡ 8πG, G is the gravitational constant and Sm is the action of some matter field
ψ. The function A(ϕ) is a coupling function that characterizes coupling of the scalar field ϕ
with the matter sector. It defines anomalous gravitational coupling of matter characterized by
the field ψ. In general, such a matter system does not respect the weak equivalence principle.
However, the scalar field ϕ can hide the anomalous coupling via chameleon mechanism [5] and
pass local gravity experiments [6] [7].
Variation of this action with respect to the metric tensor gµν , gives
Gµν =M
−2
p (T
ϕ
µν + T
m
µν) (2)
where
T ϕµν = ∇µϕ∇νϕ−
1
2
gµν∇γϕ∇γϕ− V (ϕ)gµν (3)
Tmµν =
−2√−g
δSm
δgµν
(4)
are stress-tensors of the scalar field and the matter system. If we vary the action with respect
to the scalar field ϕ, we obtain
✷ϕ− dV (ϕ)
dϕ
= −β(ϕ)
Mp
Tm (5)
or, equivalently,
∇µT ϕµν = −
β(ϕ)
Mp
∇νϕTm (6)
where
β(ϕ) = Mp
d lnA(ϕ)
dϕ
(7)
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and Tm ≡ gµνTmµν . The two stress tensors Tmµν and T ϕµν are not separately conserved due to
coupling of the scalar field ϕ with matter. This can be seen by applying the Bianchi identities
∇µGµν = 0 to (2) which results in
∇µTmµν = −∇µT ϕµν =
β(ϕ)
Mp
∇νϕ Tm (8)
The parameter β is generally a function of time. We will, however, restrict ourselves to
the case that it can be regarded as a constant parameter. There are two important cases
in which the function β(ϕ) takes a constant configuration; f(R) gravity and Brans-Dicke
theory.
2.1 f(R) Gravity
The action for an f(R) gravity theory in Jordan frame is given by [9]
SJF =
1
2
M2p
∫
d4x
√−g¯f(R¯) + Sm(g¯µν , ψ) (9)
where g¯µν is the metric in Jordan frame. A conformal transformation
gµν = A
−2(ϕ) g¯µν (10)
with A−2(ϕ) ≡ df
dR
= f
′
(R) together with
ϕ =
Mp
β
lnA(ϕ) (11)
and β = −
√
1
6
, transforms (9) into the action (1) with a potential [11] [12]
V (ϕ(R)) =
M2p
2
(
R
f ′(R)
− f(R)
f ′2(R)
) (12)
2.2 Scalar-Tensor Gravity
The general action of a scalar-tensor gravity is given by [13]
SJF =
1
16πG
∫
d4x
√−g¯ {F (φ)R¯− Z(φ)g¯µν∇¯µφ ∇¯νφ− 2U(φ)}+ Sm(g¯µν , ψm) (13)
where F (φ), Z(φ) and U(φ) are some functions†. This action is reduced to the action (1) by
the conformal transformation (10) with A(ϕ) = F−1/2(φ) and
(
dϕ
dφ
)2 = 2M2p [
3
4
(
d lnF (φ)
dφ
)2 +
Z(φ)
2F (φ)
] (14)
†One can always redefine the scalar field to reduce F (φ) and Z(φ) to only one unknown function.
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V (ϕ) = M2pU(φ)F
−2(φ) (15)
It is cleat from (14) that the coupling function A(ϕ) depends on the functions F (φ), Z(φ)
and U(φ) through the relation (14). For some particular choices of these functions, β takes a
constant configuration and then, as a result of (7), A(ϕ) takes an exponential form. This defines
a class of scalar-tensor theories and we restrict ourselves to this class. One important theory
in this class is given by BD parameterization in which F (φ) = 16πGφ, Z(φ) = 16πGωBD/φ
and U(φ) = 8πGW (φ), and then
SJF =
∫
d4x
√−g¯(φR¯− ωBD
φ
g¯µν∇¯µφ∇¯νφ−W (φ)) + Sm(g¯µν , ψ) (16)
with ωBD andW (φ) being BD parameter and the potential in Jordan frame, respectively. This
action is reduced to (1) by [4] [14]
A(ϕ) = eβBDϕ/Mp (17)
ϕ(φ)/Mp =
√
ωBD + 3/2 ln(
φ
φ0
) (18)
V (ϕ) = W (φ(ϕ)) e8βBDϕ/Mp (19)
where φ0 ∼ G−1 and βBD = −1/2
√
ωBD + 3/2. When ωBD → 0, then βBD → −1√6 and Einstein
frame representations of BD model and f(R) gravity are the same.
3 Cosmological Setting
We use a spatially flat homogeneous and isotropic cosmology described by Friedman-Robertson-
Walker spacetime
ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2) (20)
where a(t) is the scale factor. We also take Tmµν as the stress-tensor of a perfect fluid with
energy density ρm and pressure pm. The Friedman equation is
3H2 = M−2p (ρm + ρϕ) (21)
where H = a˙
a
, ρϕ =
1
2
ϕ˙2 + V (ϕ) and overdot indicates differentiation with respect to time t.
From (5) and (8), we obtain
ϕ¨+ 3
a˙
a
ϕ˙+
dV (ϕ)
dϕ
= −β(ϕ)
Mp
(ρm − 3pm) (22)
ρ˙m + 3
a˙
a
(ωm + 1)ρm = Q (23)
ρ˙ϕ + 3
a˙
a
(ωϕ + 1)ρϕ = −Q (24)
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where
Q =
β(ϕ)
Mp
ϕ˙(ρm − 3pm) (25)
is the interaction term, ωm ≡ pm/ρm and ωϕ ≡ pϕ/ρϕ. The direction of energy transfer depends
on the sign of Q. For Q > 0, the energy transfer is from the scalar field to the matter system
and for Q < 0, the reverse is true. The solution of equation (23) is
ρm = ρ0m a
−3(ωm+1) e
(1−3ωm)
Mp
∫
βdϕ
(26)
in which ρ0m is an integration constant. This solution indicates that the evolution of energy
density is modified due to interaction of ϕ with matter. The expression (26) can be written as
ρm = ρ0m a
−3(ωm+1)+ǫ (27)
with ǫ being defined by
ǫ =
(1− 3ωm)
∫
βdϕ
Mp ln a
(28)
For constant β, (28) reduces to
ϕ = σMp ln a (29)
with σ being a constant defined by the relation ǫ = βσ(1− 3ωm). Here the parameter β takes
βR and βBD in f(R) gravity and BD theory, respectively.
The expression (27) states that when ǫ > 0, matter is created and energy is constantly injecting
into the matter so that the latter will dilute more slowly compared to its standard evolution
ρm ∝ a−3(ωm+1). Similarly, when ǫ < 0 the reverse is true, namely that matter is annihilated
and the direction of energy transfer is outside of the matter system so that the rate of dilution
is faster than the standard one.
Let us first take the matter system to be vacuum energy density characterized by a perfect fluid
with equation of state parameter ωm = −1. Thus the vacuum energy density is anomalously
coupled to gravity. In this case, (27) becomes ρΛ ≡ ρm = ρ0Λ aǫ where we have set ρ0m = ρ0Λ.
In an expanding universe, the requirement that a large vacuum energy density ρΛ0 reduces
during the expansion needs ε < 0. Note that in this case the direction of energy transfer is
out of vacuum. We can use Friedman equation (21) and the equations (23) and (24) to write
the deceleration parameter
q(z) = −1− H˙
H2
= −1−
1
2
[ǫΩΛ − QHρc − 3(ωϕ + 1)ωϕ]
(ΩΛ + Ωϕ)
(30)
where ΩΛ = ρΛ/ρc, Ωϕ = ρϕ/ρc and ρc = 3H
2
0M
2
p is the critical density. On can use (25) to
show that Q
Hρc
= ǫΩΛ. This together with spatial flatness, which requires that ΩΛ + Ωϕ = 1,
reduce (30) to
q(z) = −1 + 3
2
(ωϕ + 1)(1− ΩΛ) (31)
which accelerating expansion requires that ωϕ + 1 <
2
3(1−ΩΛ) .
The coincidence problem concerns with the constancy of the ratio r = ρm
ρc
. Using (23) and
(24), we can write
r˙ = rH [ǫ(r + 1) + (ωϕ − ωm)] (32)
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where we have used Q = ǫHρm. If we set ωm = 0, the constancy of r requires that ωϕ =
−1
3
ǫ(r + 1) which ωϕ > 1 for a vacuum decay (ǫ < 0).
4 Conclusion
There is no observational constraints on gravitational coupling of matter systems during ex-
pansion of the universe such as baryons, radiation, vacuum, dark matter or dark energy. The
weak equivalence principle which is supported by recent observations [16] only constrains the
baryons. Thus it is quite possible that other kinds of matter systems such as vacuum couples
differently with gravity.
We consider a dynamical mechanism which works with expansion of the universe and has
its origin in gravitational coupling of the vacuum. We assume that vacuum couples anoma-
lously with gravity in the sense that the metrics of the gravitational and matter parts are not
the same but conformally related. The conformal factor is then controlled by a dynamical
scalar field. We provide some examples from f(R) gravity and BD theories. We have shown
that the cosmological constant problem may be alleviated in such theories due to anomalous
gravitational coupling of vacuum.
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